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Outline

● Reasoning, proving and the mathematical method
● Some different ways to represent proving
● Proofs that prove and proofs that explain
● Proving through the grades

I plan to speak about four things today. 
First I want to clarify what some of the words in my 

title mean to me.
Second I want to talk about some different 

representations used in proving. 
Third I will briefly speak about the important 

distinction between proofs that prove and proofs 
that explain.

Finally I will outline how what we teach under the 
heading of ‘proving’ changes at different levels of 
schooling. 
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Ways of knowing

● Niels Henrik Abel was born in 1802 in Nedstrand.
● There is a zoo in Kristiansand.
● The sum of any two odd numbers is an even number.

Let me start by pointing out that everything I will be 
speaking about today is related to a very special 
way of knowing used in mathematics. 

Think for a moment about how you know these 
things. The ways I know them are different. 

I know where Abel was born from books, the internet 
and other authorities. 

I know about the zoo from personal experience.
And I know that the sum of any two odd numbers is 

and even number because I have heard and read 
arguments, and made my own arguments, based 
on clear and logical grounds, for this statement.

  

 

3

Ways of knowing

● Niels Henrik Abel was born in 1802 in Nedstrand.
● There is a zoo in Kristiansand.
● The sum of any two odd numbers is an even number.

Let me start by pointing out that everything I will be 
speaking about today is related to a very special 
way of knowing used in mathematics. 

Think for a moment about how you know these 
things. The ways I know them are different. 

I know where Abel was born from books, the internet 
and other authorities. 

I know about the zoo from personal experience.
And I know that the sum of any two odd numbers is 

and even number because I have heard and read 
arguments, and made my own arguments, based 
on clear and logical grounds, for this statement.



  

 

4

Resonnering og argumentasjon

Resonnering i matematikk handlar om å kunne følgje, 
vurdere og forstå matematiske tankerekkjer. Det inneber at 
elevane skal forstå at matematiske reglar og resultat 
ikkje er tilfeldige, men har klare grunngivingar. Elevane 
skal utforme eigne resonnement både for å forstå og for å 
løyse problem. Argumentasjon i matematikk handlar om at 
elevane grunngir framgangsmåtar, resonnement og 
løysingar og beviser at dei er gyldige.

Kunnskapsdepartementet (2019). Læreplan i matematikk 1.–10. trinn http://www.udir.no/kl06/MAT01-05

As the curriculum points out, in mathematics, 
we know the rules and results not because some 

authority says so, 
or from trying things out a few times (which might 

work by accident) 
but because we have reasoned them out on the basis 

of clear and logical grounds, 
and we could, if asked, express that reasoning in an 

argument to prove that they are valid.     
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Ways of knowing

● The mathematical way of knowing is special.
● In mathematics we do not need an authority or an 

experiment to tell us what we know. 
● We can use reasoning. 

This is a key starting point for everything that I want 
to talk about today. 

Reasoning has a special role in mathematics.
It is how we know mathematics.  
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The NCTM standard Reasoning and Proof 

Instructional programs from prekindergarten through grade 
12 should enable all students to—
● recognize reasoning and proof as fundamental aspects of 

mathematics;
● make and investigate mathematical conjectures;
● develop and evaluate mathematical arguments and proofs;
● select and use various types of reasoning and methods of 

proof. (p. 56)
National Council of Teachers of Mathematics (NCTM). (2000). Principles and standards 
for school mathematics. NCTM.

Unfortunately, the wider mathematics education 
literature does not use the word ‘reasoning’ in the 
very sensible way that the Norwegian curriculum 
does. 

Specifically, the NCTM uses ‘reasoning’ in a broader 
way. It includes making conjectures as part of 
reasoning, and makes a distinction between 
reasoning and proof.  
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The mathematical method

The process through which mathematical knowledge is 
created and verified. 

● People who reason and think analytically tend to note patterns, structure, 
or regularities in both real-world situations and symbolic objects; they ask 
if those patterns are accidental or if they occur for a reason ; and they 
conjecture and prove. Ultimately, a mathematical proof is a formal way of 
expressing particular kinds of reasoning and justification. (NCTM, 2000, p. 
56)   

 

National Council of Teachers of Mathematics (NCTM). (2000). Principles and standards for school mathematics.  NCTM.

I need a word for what the NCTM calls ‘reasoning’, 
but I don’t want to confuse it with what the 
Norwegian curriculum calls ‘reasoning’. 

[read slide]
To me it seems like the NCTM is talking about the 

whole process by which mathematics is discovered 
and verified.   

In school I learned about something called ‘the 
scientific method’ which was supposed to be how 
science is discovered and verified, so I’d like to call 
this process of noticing patterns, making 
conjectures and proving them ‘the mathematical 
method’ 
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The mathematical method

The process through which mathematical knowledge is created and 
verified. 

● Noticing patterns
–  

● Conjecturing
–                                                                                                                             

   
● Proving

–                                                                                                                             
 

The three elements of the mathematical method, 
noticing patterns, conjecturing and proving, are all 
core elements in the curriculum. 
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The mathematical method

The process through which mathematical knowledge is created and 
verified. 

● Noticing patterns
– Utforsking i matematikk handlar om at elevane leiter etter mønster ...

● Conjecturing/generalising
– Generalisering i matematikk handlar om at elevane oppdagar samanhengar 

og strukturar … 
● Proving

– Argumentasjon i matematikk handlar om at elevane grunngir 
framgangsmåtar, resonnement og løysingar og beviser at dei er gyldige.

Noticing patterns is part of exploration, 
Conjecturing is part of generalisation
And proving is part of reasoning and argumentation 
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Why not ‘Proving and Argumentation’?

● Resonnering og argumentasjon (Kunnskapsdepartementet)
● Reasoning and Proof (NCTM, 2000)

I think what the Norwegian curriculum calls 
‘reasoning’ is actually very close to what I call 
‘proving’ and more like what the NCTM calls ‘proof’ 
than what the NCTM calls ‘reasoning’.

So why didn’t the curriculum call it ‘proving’? 
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Why not ‘Proving and Argumentation’?

● Resonnering og argumentasjon (Kunnskapsdepartementet)
● Reasoning and Proof (NCTM, 2000)
● Reasoning (NCTM, 1989)

I think a hint of the answer can be found in the NCTM 
standards that came before the 2000 standards. In 
1989 the NCTM avoided the word ‘proof’. 

A lot of people complained that proof is an essential 
part of mathematics, and so it was added to the 
standard in 2000.  

So why wasn’t it there in 1989? 
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Why not ‘Proving and Argumentation’?

● Resonnering og argumentasjon (Kunnskapsdepartementet)
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People are afraid of the words ‘proving’ and ‘proof’

I think the reason is that many people are afraid of 
the words ‘proving’ and ‘proof’
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‘proving’ and ‘proof’? 
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Why are people afraid of the words 
‘proving’ and ‘proof’? 

Segal, J. (2000). Learning about mathematical proof: Conviction 
and validity. Journal of Mathematical Behavior, 18 , 191-210.

For many people these words bring to mind 
something like this: 

Very formal, lots of symbols, lots of background 
knowledge you need to remember to make sense 
of it.

Scary.  
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Reasoning = proving

● Today I will be using ‘proving’ to mean what the 
curriculum means by ‘reasoning’ 

● But, I have no problem with proving being called 
reasoning in Norwegian schools 

But that’s not what I am thinking of when I say 
‘proving’ 

I will be using the word ‘proving’ today and I hope to 
show you that it means what the curriculum calls 
reasoning, and how it can and should be part of 
schooling at every level.  

But I am not saying anyone else should use the word 
‘proving’ instead of reasoning. Words do scare 
people, and if it easier to teach proving is we call it 
reasoning, then I am fine with that. 
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What about ‘argumentation’?

Argumentasjon i matematikk handlar om at elevane 
grunngir framgangsmåtar, resonnement og løysingar og 
beviser at dei er gyldige.
● I read that to mean that argumentation involves 

expressing ones reasoning (proving) in a social context. 

So what does ‘argumentation’ mean? 

I think it refers to the process of sharing one’s 
reasoning, of making a thinking process public, so 
that it becomes part of a discussion. 
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The mathematical method

The process through which mathematical knowledge is 
created and verified. 
● Noticing patterns
● Conjecturing            
● Proving                                                                                

                        

Let me look at an example of the mathematical 
method. 
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Outline

● Reasoning, proving and the mathematical method
● Some different ways to represent proving
● Proofs that prove and proofs that explain
● Proving through the grades

I now want to talk about some different 
representations used in proving.  

I will start with a task.
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Noticing patterns & conjecturing

Guldbrandsen, J. E., Løchsen, R., Måleng, K. & Olsen, V. S. (2021). Matematikk 7 fra Cappelen Damm-grunnbok. 
Cappelen Damm. p. 23

This task from a Grade 7 book calls for the first two 
parts of the mathematical method: noticing a 
pattern and generalising it.

The pupils are supposed to add together pairs of 
numbers and from the patterns they see make 
some rules about what happens when you add two 
even numbers, two odd numbers or one of each.

This task does call for any proving. The pupils find 
rules, but they don’t show that those rules are 
based on clear and logical grounds.  
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Proving

● How would you expect grade 7 pupils to prove that the 
sum of any two odd numbers is an even number?

We can ask, what kind of proving could we expect 
from grade 7 pupils? 
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Some different ways to represent proving

● How would you expect grade 7 pupils to prove that the 
sum of any two odd numbers is an even number?

2 a+1 is an odd number
2 b+1 is an odd number
The sum of the two odd numbers is 2a+1+2b+1
which is 2(a+b)+2 which is even

Not the kind of proving we might have done ourselves 
in videregåendskole or a university number theory 
course.
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Some different ways to represent proving

● Proof with symbolic variables
– Understanding of symbolic variables may not be stable 

enough in grade 7 

2 a+1 is an odd number
2 b+1 is an odd number
The sum of the two odd numbers is 2a+1+2b+1
which is 2(a+b)+2 which is even

This kind of proving depends on having a solid 
understanding of symbolic variables, and the use of 
expressions like 2a+1 to mean a general odd 
number.
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Some different ways to represent proving

● How would you expect grade 7 pupils to prove that the sum 
of any two odd numbers is an even number?
– An odd number is one more than an even number and an even 

number is two times some other number. 
– For example, 17 is an odd number equal to 2•8 + 1, and 25 is 

equal to 2•12 + 1. 
– When you add two odd numbers, the 1s combine. 
– For example 17+25 = 2•8+1 + 2•12+1 = 2•8 + 2•12 + 2.
– The sum is the sum of three even numbers and so it is even.  

A different kind of proving uses a generic example. 
[read it]
Note that this is different from just giving a lot of 

examples. 
There is an argument that explains why the result 

holds, illustrated by the example.

This is more like what might happen in Grade 7  
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Some different ways to represent proving

● Proof with numeric generic examples
– Examples might not be seen as generic. 

● Does the proof answer “why?” 

But generic examples are tricky. They rely on the 
reader seeing that they are generic. 

One way to check if the examples have been seen 
that way is to ask “Do you now why?” 

Unless the example is seen as generic, it cannot 
explain why.  
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Some different ways to represent proving

● How would you expect grade 7 pupils to prove that the 
sum of any two odd numbers is an even number?
– Two odd numbers can be

represented by groups of 
pairs of dots with one dot 
left over in each:

– When they are added the 
two left over dots combine 
to make a new pair:

Here’s another possible representation that can be 
used in proving. It lets us /see/ the argument. 

And the three little dots are suppose to make it 
general. 
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Some different ways to represent proving

● Proof with geometric variables (Kempen & Biehler 2019)
– Notation … may not be understood

Kempen, L., and Biehler, R. (2019). Fostering first-year pre-
service teachers’ proof competencies. ZDM 51, 731–746.

Kempen and Biehler have written about using such 
proofs in teacher education. 

They depend, however, on the notation dot dot dot 
being understood.  If it isn’t then geometric 
variables are just as meaningless as using letters 
as symbolic variables can be. 
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Some different ways to represent proving

● How would you expect grade 7 pupils to prove that the 
sum of any two odd numbers is an even number?
– Two odd numbers can be

represented by groups of 
pairs of dots with one dot 
left over in each:

– When they are added the 
two left over dots combine 
to make a new pair:

One can avoid using the three dots by using a visual 
generic example.

We draw pictures of 9 and 12 that show their 
structure as odd numbers and then add them 
together so that their ‘odd’ parts combine to make a 
new pair.   
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Some different ways to represent proving

● Proof with pictorial generic examples
– Examples might not be seen as generic. 

● Does the proof answer “why?” 

But this has the same problems as using a numeric 
generic example. The same test applies, if it 
doesn't say why then the example hasn’t been seen 
as generic. 
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Some different ways to represent proving

2 a+1 is an odd number
2 b+1 is an odd number
The sum of the two odd numbers is 2 a+1+2 b+1
which is 2(a+b)+2 which is even

In summary, proving in school can look different, 
using different representations to try to capture the 
generality of the argument. 

None of these is perfect, but all are useful.
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A missed opportunity for proving

Guldbrandsen, J. E., Løchsen, R., Måleng, K. & Olsen, V. S. (2021). Matematikk 7 fra Cappelen Damm-
oppgavebok. Cappelen Damm. p. 14

I’d like to briefly point out a missed opportunity for 
proving.

The oppgavebok has two questions about adding odd 
numbers. In both cases, the kind of proving I have 
shown you could be used to show that you can 
never add two odd numbers, or two even numbers,  
and have an odd number as the result, 

But the task specifically asks the pupils to use 
examples to justify their answer which I think will 
focus them away from general arguments.  

This example is, unfortunately, not the only one. 
There are many missed opportunities for proving in 
the tasks typically used in schools. 
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Another missed opportunity for proving

Kongsnes, A. L., Raen, K. M. & Sørdal, M. (2021). Matemagisk 
6B grunnbok (2nd ed). Aschehoug Undervisning. p. 40

Let me look at one more missed opportunity. This is 
from the Grade 6 book of a different textbook 
series, but similar things can be found in many 
textbooks.

The thing that astonishes me about this is the final 
task F which asks the pupils to explain that the sum 
of the angles of any triangle is 180 degrees using 
the bits they’ve torn off /one/ triangle. [the ‘én’ in 
task F is a typo. I asked. They meant “any”]

There are ways of proving this that are accessible to 
grade 6 pupils. Why offer them this? And why ask 
them to explain using a single example, that cannot 
explain the general rule?  
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The core of proving

● Proving tells us the reasons why.

But this task does introduce my next topic, proofs that 
explain why. 

Earlier I mentioned using whether an example 
explained why as a text of whether it was seen as 
generic. 

That hints that I believe the core of proving is 
precisely explaining why.  
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Proofs that prove and proofs that explain

A proof that proves shows on that a theorem is true; a 
proof that explains also shows why it is true. ... A proof 
that explains must provide a rationale based upon the 
mathematical ideas involved; the mathematical 
properties that cause the asserted theorem or other 
mathematical statement to be true. (p. 47)
… Proofs that explain should be favoured in mathematics 
education over those that merely prove. (p. 45)

Hanna, G. (1989). Proofs that prove and proofs that explain. In G. Vergnaud, J. Rogalski, & M. Artigue 
(Eds.), Proceedings of the Thirteenth International Conference on the Psychology of Mathematics 
Education, (Vol. 2, pp. 45-51). Paris.

Gila Hanna made the distinction a long time ago 
between some proofs that only tell us that a 
statement in true, and other proof that explain why 
the statement is true. 

She noted that a proof that explains must be based 
on the mathematical ideas involved and that such 
proof should be preferred in educational contexts.
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Resonnering og argumentasjon

Resonnering i matematikk handlar om å kunne følgje, 
vurdere og forstå matematiske tankerekkjer. Det inneber at 
elevane skal forstå at matematiske reglar og resultat 
ikkje er tilfeldige, men har klare grunngivingar. Elevane 
skal utforme eigne resonnement både for å forstå og for å 
løyse problem. Argumentasjon i matematikk handlar om at 
elevane grunngir framgangsmåtar, resonnement og 
løysingar og beviser at dei er gyldige.

Kunnskapsdepartementet (2019). Læreplan i matematikk 1.–10. trinn http://www.udir.no/kl06/MAT01-05

Hanna’s reference to the basis of the proof being the 
mathematical ideas involved reminds me of the 
curriculum’s definition of reasoning . 

And note that pupils should use their reasoning to 
understand. It should /explain/. 
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A proof that explains why

Hoyles, C. (1997). The curricular shaping of students’ approaches to proof. For the Learning of Mathematics 17 (1), 7-16.

Here’s a way of proving that the sum of the angles in 
a triangle is 180 degrees that I believe is accessible 
to grade 6 pupils and that explains what is going 
on. It can be done as an ‘action’ proof, one that you 
physically carry out. 

You can mark out a triangle on the floor, and walk 
around it, noticing two important things: you always 
turn the same way, and end up facing the same 
way, so you turn 360 degrees as you walk around. 
All three angles at the corners have an interior part 
and an exterior part that add up to 180 degrees. 
You now know that the exterior parts that you 
turned add up to 360 and that all the parts add up 
to 3 times 180, so it is easy to see why the interior 
angles add up to 180.  

  

 

35

A proof that explains why

Hoyles, C. (1997). The curricular shaping of students’ approaches to proof. For the Learning of Mathematics 17 (1), 7-16.

Here’s a way of proving that the sum of the angles in 
a triangle is 180 degrees that I believe is accessible 
to grade 6 pupils and that explains what is going 
on. It can be done as an ‘action’ proof, one that you 
physically carry out. 

You can mark out a triangle on the floor, and walk 
around it, noticing two important things: you always 
turn the same way, and end up facing the same 
way, so you turn 360 degrees as you walk around. 
All three angles at the corners have an interior part 
and an exterior part that add up to 180 degrees. 
You now know that the exterior parts that you 
turned add up to 360 and that all the parts add up 
to 3 times 180, so it is easy to see why the interior 
angles add up to 180.  



  

 

  

Outline

● Reasoning, proving and the mathematical method
● Some different ways to represent proving
● Proofs that prove and proofs that explain
● Proving through the grades

I have talked about the mathematical method, and 
what reasoning and proving mean to me. I have 
shown you some different ways to represent 
proving, and talked about the distinction between 
proofs that prove and proofs that explain. 

I’d like to end with some examples of what proving 
can look like through the grades of schooling. 
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Proving through the grades

● Proving in games
● Proving in 1–4
● Proving in 5–7
● Proving in 8–10
● Proving in VGS

A will take you through the grades offering a couple of 
examples at each level. 
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Proving in games

● Eleven skal kunne ... lage og følgje reglar og trinnvise 
instruksjonar i leik og spel.

● Games have clear rules to use as the basis for 
reasoning.

My first examples are for Grade 2. The curriculum 
mentions games, and games are a great context for 
proving because they have clear rules that can be 
used as the basis for reasoning. 
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Proving in games
● After giving Kyla two white pegs 

for her third guess, the teacher 
asked her which peg she thinks 
might have been in the correct 
place.  

● Kyla pointed to the blue peg in 
the first row and then changed 
her mind. “I never got a black one 
right there,” she said, pointing to 
the blue in the second turn.

Reid, D. A. (2002). Describing reasoning in early elementary school mathematics. 
Teaching Children Mathematics, 9(4), 234-237.

I worked with a Grade 2 teacher and a masters 
student on a study of the reasoning of pupils when 
playing games, including Mastermind. The black 
peg for the first guess shows that one of those pegs 
is in the right place. After giving Kyla two white 
pegs (two right colours in the wrong places) for her 
third guess, the teacher asked her which peg she 
might had had right in the /first/ guess. 

Kyla first indicated the blue peg, but then explained 
why it couldn’t be, based on the rules of the game 
and what white and black pegs she had. 
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Proving in games
● She then indicated that the 

green could not be correct in the 
first try. “’Cause on this one [turn 
three] I didn't get a black.”  

● Kyla stated that the orange peg 
on turn one must be in the 
correct spot, but then realised it 
could not be. “’Cause I got a 
black one right here — no! Oh 
my! It’s yellow.”  

Reid, D. A. (2002). Describing reasoning in early elementary school mathematics. 
Teaching Children Mathematics, 9(4), 234-237.

She then eliminated the green peg as a possibility 
with similar reasoning. 

Finally she also eliminated the orange peg, and 
concluded that the yellow one must be in the 
correct position in her first guess.
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Proving in games
● Kyla's reasoning included three 

hypotheses: 
– the Blue peg is in position three, 
– the Green peg is in position four, and 
– the Orange peg is in position two.  

● After each of these hypotheses 
was contradicted, Klya concluded 
that the one remaining case, the 
yellow peg in position one, must 
be correct.

Reid, D. A. (2002). Describing reasoning in early elementary school mathematics. 
Teaching Children Mathematics, 9(4), 234-237.

This kind of reasoning, that I would call proving, is 
very common in mathematics. 

We examine several cases and by disproving all but 
one, we prove the remaining case.  
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Proving in games

● Proof by contradiction (hypothesising something and 
then concluding the opposite when it is contradicted) is 
supposed to be difficult, but kids do it all the time in 
games. 

● They also prove things directly (without using 
hypotheses).

Research tells us that university students find these 
sorts of indirect proofs difficult, but in the context of 
games, Grade 2 kids reason using contradictions 
all the time.

They also prove things more directly.  
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Proving in games

● Games have clear rules to use as the basis for 
reasoning.

● Proving depends on having a shared basis for proving.

Games illustrate an important principle that I think 
that we as teacher educators need to emphasise to 
future teachers. 

Reasoning depends on the grounds being 
understood. In games we start out by making sure 
people understand the rules of the game. We 
should do the same in mathematics. That is, we 
should be clear about what prior knowledge is 
available as the basis of proving. 
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Proving in 1–4

● utforske den kommutative og den assosiative eigenskapen ved 
addisjon

● utforske og forklare samanhengar mellom addisjon og 
subtraksjon

● bruke kommutative, assosiative og distributive eigenskapar 

Not all proving in the early grades should be about 
games. There are lots of statements about 
numbers that can be proven given suitable starting 
points. 

You might think that these /are/ the starting points 
and we need to teach them first 
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Proving in 1–4

● utforske den kommutative og den assosiative eigenskapen ved 
addisjon

● utforske og forklare samanhengar mellom addisjon og 
subtraksjon

● bruke kommutative, assosiative og distributive eigenskapar 

elevane skal forstå at matematiske reglar og resultat ikkje er 
tilfeldige, men har klare grunngivingar.

I think this contradicts what the curriculum is saying. 
These are mathematical rules. How are pupils 
going to understand that they depend on clear 
grounds if we don’t give them opportunities to see 
how? 

In fact, I’d say that all the rules we teach in school 
should be opportunities for proving. 
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Proving in 1–4: Action proofs

Semadeni, Z. (1984). Action proofs in primary mathematics teaching and in 
teacher training. For the Learning of Mathematics, 4(1), 32-34.

The term ‘action proof’ was coined back in the 1980s. 
Action proofs are perfect for proving the basis rules 
of arithmetic. For example the commutative and 
associative rules for addition can be proved using 
bags of marbles and moving them around. 

[explain how]
If you can see through the bags these are generic 

examples, but you can also use colour coded 
opaque bags as variables. 
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Proving in 1–4: Action proofs

Semadeni, Z. (1984). Action proofs in primary mathematics teaching and in 
teacher training. For the Learning of Mathematics, 4(1), 32-34.

Action proofs can also be used to prove the 
commutativity of multiplication, and the distributive 
law. 

The way I use these is to ask pupils if the two sides 
are equal and if so to explain why. I also ask if the 
exact number of circles matters, to see if they are 
seeing these as generic examples  
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Proving in 1–4: Action proofs

● Proving is reasoning that explains why.
– Pupils can use proving to understand the mathematical 

principles they are learning. 
● Proving can make use of many different form of 

representation, including actions on objects.
– No form of representation is transparent; all must be learned.

This brings out two more principles I think it is 
important for future teachers to understand:

Proving should explain why, and proving should be 
used to explain all the standard rules of arithmetic 
in primary school. 

Proving can use different representations. Actions 
and drawing as important representations in 
primary schools. 
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Proving in 5–7

Moving up to grades 5–7, I have already shown you 
some examples of the kind of proving we can 
expect from pupils at this level. 
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Proving in 5–7

● Proving is reasoning that explains why.
– Pupils can use proving to understand the mathematical 

principles they are learning.
● Proving can make use of many different form of 

representation, including actions on objects, pictorial and 
numeric generic examples, and geometric variables.
– No form of representation is transparent; all must be learned.

Again they are proving important rules of 
mathematics, using suitable representations.  

Representations like numeric generic examples and 
geometric variables will be part of proving at this 
level, but we must be careful that they are 
understood. 

  

 

50

Proving in 5–7

● Proving is reasoning that explains why.
– Pupils can use proving to understand the mathematical 

principles they are learning.
● Proving can make use of many different form of 

representation, including actions on objects, pictorial and 
numeric generic examples, and geometric variables.
– No form of representation is transparent; all must be learned.

Again they are proving important rules of 
mathematics, using suitable representations.  

Representations like numeric generic examples and 
geometric variables will be part of proving at this 
level, but we must be careful that they are 
understood. 



  

 

51

Proving in 8–10

+ =a

b

a

c

a

b c

ab ac+ = a(b+c)

a² + b² = c²

In ungdomskole, pupils will be able to use letters as 
variables and do some symbolic algebra. But visual 
 representations continue to be useful. 

Pictures can complement symbolic algebra, letting 
pupils see what they are doing when they are 
rearranging letters. 

[Talk through the proofs]
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Proving in 8–10

● Proving is reasoning that explains why.
– Pupils can use proving to understand the mathematical 

principles they are learning.
● Proving can make use of many different form of 

representation, including geometric and symbolic 
variables.
– No form of representation is transparent; all must be learned.

The same principles apply here.

And the same warning about not using 
representations unless they are well understood. 
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Proving in VGS

● Explain why ∠ AOB = 2 • ∠ ACB

● Explain why sin(–θ) = –sin(θ) 
but cos(–θ) = cos(θ) 

It is probably easiest for us to think about proving in 
videregåendskole. 

But something to remember is that proving should 
explain important mathematics. 

Sometimes pupils are only expected to prove 
unimportant things and the important theorems are 
given by the teacher, perhaps with a proof that may 
or may not be explanatory. 
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Proving in VGS

● Proving is reasoning that explains why.
– Pupils can use proving to understand the 

mathematical principles they are learning.
● Proving depends on having a shared 

basis for proving.
– Choosing different axioms leads to 

different results.

Proving should be the basis of understanding, at 
every level.

In the last years of schooling, an important principle 
to be understood is the dependence of our results 
on the grounds we base them on. 

The sum of the angles in a triangle is only 180 
degrees if the triangle is on a flat plane.  
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– Pupils can use proving to understand the 

mathematical principles they are learning.
● Proving depends on having a shared 
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degrees if the triangle is on a flat plane.  
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Proving in schools

Proof is a mathematical argument, a connected sequence of assertions 
for or against a mathematical claim, with the following characteristics: 
(1) It uses statements accepted by the classroom community (set of 
accepted statements) that are true and available without further 
justification; (2) It employs forms of reasoning (modes of 
argumentation) that are valid and known to, or within the conceptual 
reach of, the classroom community; and (3) It is communicated with 
forms of expression (modes of argument representation) that are 
appropriate and known to, or within the conceptual reach of, the 
classroom community. (Andreas Stylianides, 2007, p. 291)

Stylianides, A. L. (2007). Proof and proving in school mathematics. Journal for 
Research in Mathematics Education, 38(3), 289-321.

Some of you may be familiar with the definition of 
proof that Andreas Stylianides gives in a number of 
publications. 

It states three requirements: A set of accepted 
statements, valid forms of reasoning, and 
appropriate representations. 

Note that Stylianides is using ‘reasoning’ like the 
NCTM does. The curriculum’s ‘reasoning’ /is/ valid 
reasoning.  That’s why I’d call it proving. 
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Guiding principles

● Proving is reasoning that explains why. 
● Proving depends on having a shared basis for proving.
● Proving can make use of many different form of 

representation, including actions on objects, pictorial and 
numeric generic examples, and geometric and symbolic 
variables.

The three principles I have outlined here, as ones I’d 
like all Norway’s mathematics teachers to 
understand, overlap with Stylianides’ in that we 
both mention the shared basis for proving (the set 
of accepted statements) and appropriate 
representations. 

I don’t say that the form of reasoning should be valid 
because the reasoning in the curriculum is already 
valid. And I add Hanna’s requirement that proving 
in schools should explain. 
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How?

You might be wondering how I use these principles in 
my work with future teachers. Let me give one 
example.  
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How?

● Use algebra tiles to represent three consecutive* 
numbers.  

*påfølgende

● Manipulate your algebra tiles to argue that
– The sum of three consecutive numbers is always a multiple of 

three

A couple of weeks ago I asked my GLU 5–10 
students to use algebra tiles, a concrete 
representation, to represent a general statement 
about three consecutive numbers.
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How?

They made arrangements like the one on the left, and 
then moved on tile to make three equal columns, 
representing a multiple of three.  

Note that they were supposed to show this for any 
three consecutive numbers, but they used the 
specific case 1 + 2 + 3 as a generic example. 
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How?

Then I asked them to do the same for five 
consecutive numbers, and they again used a 
generic example 
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Then I asked them to do the same for five 
consecutive numbers, and they again used a 
generic example 
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How?

To make the representation more general, they added 
the green rectangles, representing an unknown 
number of tiles, to each column.
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How?

They then recorded their actions of the concrete 
materials using drawings and used symbols to 
extend their argument to seven consecutive 
numbers. Some also used drawings and concrete 
materials for this case, showing that the different 
representations helped them make sense of what 
they were doing.  
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How?

A week later I asked them to investigate what 
happens if there are four, or six, or any even 
number of consecutive numbers. Here is one 
student’s proof that the sum will be given by a 
formula she found. Her proof uses a picture of the 
concrete materials.  
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Guiding principles

● Proving is reasoning that explains why. 
● Proving depends on having a shared basis for proving.
● Proving can make use of many different form of 

representation, including actions on objects, pictorial and 
numeric generic examples, and geometric and symbolic 
variables.

That’s one example of how I use these principles in 
my teaching. 

My doctoral supervisor set himself the goal of 
learning three things from every talk he went to. I’d 
be happy if these were the only three things you 
learned today, but happier if you learned more.
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Tusen takk

Thank you
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Tusen takk
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